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Abstract:
Bolted joints are widely used to connect safety relevant parts in the aeronautical industry and require precise stress
analysis tools. If the joint has a fully symmetric setup with respect to the midplane a plane problem modelling
is applicable. Focus of this paper is the analytical stress field determination and load transfer modelling of a finite
dimensions bolted joint with isotropic material using the Airy stress function enabling cost-efficient computation. The
load is introduced by sinusoidal radial stresses at the hole boundary idealising the bolt contact. It is led through the
net section plane, in which crack initiation and propagation have to be avoided. This requires accurately calculated
net section stresses carrying the whole load. To reach this aim the stress boundary conditions in load direction at
the straight free edges must be fulfilled. To solve this first boundary value problem the stress field describing the
load introduction is determined while neglecting the stress free boundary conditions at the straight edges. Then
auxiliary functions are superimposed cancelling non-zero tractions in load direction at the straight edges and thus
providing a physical force flux. Since traction boundary conditions perpendicular to the load direction are not covered
inaccuracies in the stress solution may arise. Their criticality will be assessed by conducting a failure analysis in which
predictions derived using the stresses of the present calculus are compared to literature values.
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1 Introduction
Bolted joints are a common joining technique in the aero-
nautical industry for reasons of inexpensive manufactur-
ing and the possibility to disassemble. Drilling a hole
introduces a stress-raiser requiring precise stress and fail-
ure assessment tools to ensure both structural integrity
and a lightweight optimal design. The first step in struc-
tural assessment is determining the stresses followed by
a failure analysis. The stress state is generally three-
dimensional and capturing all failure mechanism factors
is complex especially if intending an analytical modelling
beneficial in terms of computational effort.

To reduce the complexity a two-dimensional in-plane
idealisation is pursued incorporating the main relevant
effects of the failure mechanism. This is applicable if
the bolted joint connection contains a material behaviour
without bending extension coupling and an overall sym-
metrical setup with respect to the midplane. The stress
analysis of a pin-loaded hole has been analytically treated
by many scientists with different level of complexity such
as contact modelling with or without friction, material
anisotropy or finite dimensions. An extensive stress anal-
ysis review can be found in [1] and [2] whereas [3] is
more general and focusses on mechanical modelling in-

cluding stress and failure analysis as well as experimental
validation. The available stress solutions in many cases
idealise the bolt contact by a sinusoidal radial stress dis-
tribution along the hole boundary. If the material is iso-
tropic the plane elasticity problem can be approached
using the Airy stress function, which has been performed
by [4] for infinite dimensions providing a good approxima-
tion of the circumferential stresses at the hole boundary.
Unfortunately the net section stresses in load direction
relevant for local crack initiation prediction unphysically
and rapidly converge to a value in compression. In [5]
the stress field of both the infinite and the finite width
joint is determined. The zero shear stress boundary con-
dition at the hole is slightly violated. Furthermore the
load transfer of a finite dimensions joint can not be ade-
quately modelled only considering a finite width.

For problems involving an anisotropic material solu-
tions have been developed using the Lekhnitskii com-
plex potential formalism [6]. The infinite geometry pin-
loaded hole without bending extension coupling is treated
in [7] and further extended for any arbitrary load direc-
tion in [8]. A solution for the finite dimensions problem
is developed in [9] using finite width correction factors.
Drawback of this method are the violated stress boun-
dary conditions at the free edges. A similar approach

©2020 doi: 10.25967/490004

Deutscher Luft- und Raumfahrtkongress 2019
DocumentID: 490004

1

https://doi.org/10.25967/490004


has been implemented in [10] and [11]. The first shows
good agreement in the circumferential stresses at the hole
boundary in comparison to the finite element (FE) solu-
tion for rather larger dimensions e/d = 9 and w/d > 4
(ref. Fig. 1) whereas the latter only discusses stress
concentration factors at the hole boundary. These may
serve for local failure criteria but are not sufficient if in-
tending to use criteria enabling to model the hole size
effect. In [12] a finite dimensions connection is treated
by approximating the rectangular plate geometry as an
ellipse yielding good correlation to FE results in the cir-
cumferential stresses for [±45°]s and w/d = 3 as well as
for [0°/90°]s and w/d = 5. Bending extension coupling is
modelled in [13] revealing good agreement to FE solution
for w/d = {15, 45} and e/d = {7.5, 37.5} in which finite
width effects are small or even have decayed. The method
is extended to multilayered composites bolted joints with
interference-fit under thermal load [14]. All the solutions
summed up reveal agreement for rather larger dimensions
if validated at all. To the authors’ knowledge for w/d ≤ 4
there exists no analytical approach to accurately deter-
mine the stress field especially the net section stresses
essential for tension failure prevention, which is then not
only validated using FE but also further established in a
subsequent failure analysis.
These gaps shall be treated in the following for the

stress field of a quasi-isotropic composite bolted joint
with finite dimensions is derived using the Airy stress
function. The stress solution is then used in a net section
failure analysis likely to occur for small widths w/d ≤ 4
[15]. In a first step the stress function describing the
load introduction is determined for the infinite geometry
neglecting stress free boundary conditions at the straight
edges. For a full load transfer through the net section
area at least the stress free boundary conditions in load
direction need to be fulfilled. This is achieved by superim-
posing virtual auxiliary functions created by mirroring the
load introduction field enabling full cancellation of non-
zero stresses in load direction at the straight edges while
maintaining the stress boundary conditions at the hole
edge. Those boundary conditions perpendicular to the
load direction at the straight edges do not play a role in
the equilibrium in load direction and are thus not covered
by the present method. To the authors’ knowledge this
approach is firstly used in the Theory of Elasticity and
provides a convenient mean to deal with finite domain
problems involving straight free edges. The resulting net
section stresses will transfer the whole external load but
nevertheless might be differently shaped in comparison to
the FE solution fulfilling all stress boundary conditions.
The criticality of those potential stress deviations is as-
sessed by conducting a failure analysis using the Theory
of Critical Distances (TCD, [16, 17]). Its performance is
compared to experimental data as well as to predictions

based on means of the finite fracture mechanics (FFM,
[18]), which is applied for bolted joints in [19].

2 Determination of the stress field
The stress field for an isotropic pinned hole with finite
dimensions as shown in Fig. 1 is developed. In doing
so the quantity Py denotes an external force per plate
thickness applied in the vertical direction, w is the width,
e the hole to end distance and d the hole diameter of
the plate as well as of the bolt assuming no oversize or
clearance. This problem setting is idealised as a first
boundary value problem, whose stresses are determined
using the Airy stress function.

Py

w

e

x

y

r

y
ϕ

∅ d

Fig. 1. Geometry of bolted joint.

2.1 Fundamentals of the Airy stress func-
tion

We assume a two-dimensional plane stress or plane strain
problem with linear elastic and isotropic material be-
haviour. The governing equations of equilibrium, com-
patibility and Hooke’s law can be then reduced to a single
differential equation containing the Airy stress function
F . For a plane stress problem with non existent body
forces the function F needs to satisfy the following bi-
harmonic equation [20, 21]:
(1)
∆∆F = 0 with

∆ =


∂2F

∂x2 + ∂2F

∂y2 in cartesian coordinates,

∂2

∂r2 + 1
r

∂

∂r
+ 1
r2

∂2

∂ϕ2 in polar coordinates.
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Functions F obeying the biharmonic equation are called
biharmonic functions and were addressed in [22]. The
plane stress components are calculated using

(2) σx = ∂2F

∂y2 , σy = ∂2F

∂x2 , τxy = − ∂2F

∂x∂y
,

(3)
σr = 1

r

∂F

∂r
+ 1
r2
∂2F

∂ϕ2 , σϕ = ∂2F

∂r2 ,

τrϕ = − ∂

∂r

(
1
r

∂F

∂ϕ

)
.

Stress functions F are now to be chosen such that the
corresponding stresses fulfil the given stress boundary
conditions of a first boundary value problem.

2.2 Overview of the calculus
At first a bolt contact idealisation is presented providing
the hole boundary stress conditions to satisfy. A stress
function FLI fulfilling them is then derived and repre-
sents the load introduction, whose force flux is spread
in all directions reaching stress free conditions at infinity
and therefore describes the pinned hole with infinite ge-
ometry. In the finite dimensions case, however, the force
flux is directed through the net section area towards the
clamp shown along the lower edge in Fig. 1. This load
transfer is modelled by superimposing FLI with auxiliary
functions cancelling the tractions in load direction at the
straight edges while keeping the hole boundary conditions
unchanged.

2.3 Bolt contact idealisation
The bolt plate contact problem is idealised by a sinusoidal
function in the radial direction and with the assumption
of no friction and thus vanishing shear stresses at the
hole boundary [23]. The complete boundary conditions
read

(4)
σr(R,ϕ) =


− 2
π

Fy
R

sin(ϕ) for 0 ≤ ϕ ≤ π,

0 for π ≤ ϕ ≤ 2π,

τrϕ(R,ϕ) = 0 for 0 ≤ ϕ ≤ 2π,

where R = d/2 denotes the hole radius. The hole boun-
dary conditions shall be satisfied by FLI representing the
load introduction but also by the final finite bolted joint
solution F .

2.4 Stress function FLI modelling the load
introduction

The field FLI obeying the stress hole boundary conditions
in Eq. (4) is developed. The free straight edges are not

considered at this stage. As in [5] let us build two partial
functions with

(5) FLI = F1 + F2.

The first partial function represents a full sine in the
radial stresses over the complete hole boundary while
the latter yields a cosine Fourier series expansion of
|σr1(R,ϕ)| belonging to F1. Since only cosine terms are
used in the Fourier series both radial stresses σr1(R,ϕ)
and σr2(R,ϕ) have the same behaviour along the up-
per circular boundary whereas at the lower they have a
reversed sign and therefore superimposed lead to cancel-
lation. This approach is illustrated in Fig. 2. Contrary
to [5] both partial functions fulfil vanishing shear stresses
at r = R.

+

F1

=

F2 FLI

full sine Cosine Fourier series
of magnitude of full sine

contact idealisation

Fig. 2. Radial stresses at the hole boundary.

According to [4] the stress function F1 reads

(6) F1 = a15 rϕ cosϕ+ b12 r ln r

R
sinϕ+ b13

1
r

sinϕ.

The corresponding stress components can be calculated
using Eq. (2) and (3). The coefficients are determined
by

(7) b12

a15
= 1

2(1− ν),

ensuring single-valued circumferential displacements uϕ
[4, 20], with ν being the Poisson’s ratio of the plate
material,

(8) σr1(R, π/2) = − 1
π

Fy
R

transferring half of the outer load and eventually

(9) τrϕ1(R,ϕ) = 0,

leading to vanishing shear stresses at the hole boundary.
Normalising with respect to the reference stress σ0 = Fy

d ,
F1 is then expressed by

F1 = R

π

[
rϕ cosϕ+ 1

2(1− ν) r ln r

R
sinϕ+

+ 1
4(1− ν)R2 1

r
sinϕ

]
σ0.

(10)
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The amount of the radial stresses σr1(R,ϕ) shall now be
expanded by a Fourier cosine series. Its corresponding
stress function has the general form

(11) F2 = R2
[
b2 ln r

R
+

+
N∑
n=1

{
A2,n

(
R

r

)2n
+B2,n

(
R

r

)2n−2}
cos 2nϕ

]
σ0.

Let us represent |σr1(R,ϕ)| by the Fourier series

(12) σr2(R,ϕ)/σ0 = f2,0

2 +
N∗∑
n=1

f2,n cosnϕ,

with f2,n = 1
π

1
σ0

∫ 2π

0
σr1(R,ϕ) cosnϕdϕ

=


0 for odd n,

− 4
π2

1 + cosnπ
1− n2 for even n.

(13)

The Airy coefficients A2,n, B2,n are obtained by deriving
the radial stresses of F2 and equating them with the
Fourier series in Eq. (12) while taking into account that
uneven f2,n are zero which yields

b2 = f2,0

2 ,(14)

−2[n(2n+ 1)A2,n + (n+ 1)(2n− 1)B2,n] = f2,2n.
(15)

Furthermore ensuring τrϕ2(R,ϕ) = 0 leads to

(16) (2n+ 1)A2,n + (2n− 1)B2,n = 0.

Using Eq. (15) and (16) the Airy stress coefficients are
calculated by

A2,n =− 2n− 1
2n+ 1 B2,n,

B2,n =1
2

f2,2n

n(2n− 1)− (n+ 1)(2n− 1) .(17)

The stress field FLI is now fully determined. In order to
cancel the traction in load direction at the straight edges
and thus leading the load transfer through the net section
area towards the clamp auxiliary functions are developed
and superimposed.

2.5 Finite geometry modelling using aux-
iliary stress functions

Let us investigate the free body diagram shown in Fig. 3
giving an idea about the stresses in the final solution.

σy(x, e) = 0

τxy(−w/2, y) ≈ 0 τxy(w/2, y) ≈ 0

σy(x, 0)

σr(R,ϕ)

x

y

Fig. 3. Free form body. Only stresses relevant for equi-
librium in load direction are shown.

For the transfer of the whole external load through the
net section area its normal stresses σy(x, 0) must equili-
brate Fy alone, which requires vanishing stresses in load
direction at the straight edges. This is reached by intro-
ducing virtual neighbouring auxiliary plates created by
mirroring the load introduction field FLI = F 11

LI and ar-
ranged as shown in Fig. 4.

τ−
xy

σ−
y

τ+
xyτ−

xy

σ−
y

τ+
xy τ−

xy

σ−
y

τ+
xy... ...

F 11
LIF 13

LI F 12
LI

F 21
LIF 23

LI F 22
LI

C

T

C

T

C

T

τ+
xy

σ+
y

τ+
xy

σ+
y

τ−
xy τ+

xy

σ+
y

τ−
xy

... ...τ−
xy

Fig. 4. Schematic how to arrange virtual auxiliary plates
of FLI = F 11

LI . C =̂ Compression, T =̂ Tension.

For cancellation of the normal stresses σ−
y (x, e) at the

horizontal edge F 11
LI needs to be vertically copied, its

loading reversed to tension and shifted by π along the
hole boundary creating the auxiliary plate F 21

LI . For van-
ishing shear stresses τ∓

xy(±w/2, y) at the two vertical
edges F 11

LI is horizontally mirrored creating F 12
LI and F 13

LI .
Since the left auxiliary plate does not only cancel the
shear stresses at x = −w/2 but also influences those at
the opposite edge x = w/2 and vice versa for the right
auxiliary plate and its opposite edge at x = −w/2 there
will be a remaining rest at both vertical edges. Its mag-
nitude will depend on the number of horizontally aligned
auxiliary plates in use. If a periodic row of auxiliary plates
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is superimposed the shear stresses will vanish. As the
horizontal auxiliary plates will introduce further normal
stresses σ−

y at y = e they need to be vertically copied
like F 11

LI ensuring full cancellation. The auxiliary plates
for the partial fields F1 and F2 of the load introduction
field FLI can be calculated by
(18)

F ij
k (x, y) = (−1)i+1

Tension/
Compression

· Fk
(

(−1)i+1xj , (−1)i+1

load shifting along hole

yi

)
,

with

[xj ] = [x1 x2 x3 x4 ...]
= [x x− w x+ w x− 2w ...] ,(19)

[yi] = [y1 y2] = [y y − 2e] .(20)

The superimposed field of the load introduction then is
obtained using

(21) F sup
LI =

nk=2∑
k=1

ny=2∑
i=1

nx∑
j=1

F ij
k︸ ︷︷ ︸

=F sup
k

,

with F sup
k being a superimposed partial field. The quan-

tity nx denotes the total number of horizontally, ny the
total number of vertically aligned plates. For the specific
bolted joint problem nx is considered as sufficiently large
if there is less than 1 % loss in the load transfer due to
remaining shear stresses at the vertical straight edges in
the superimposed load introduction field F sup

LI . This is
expressed by

2
Fy

∣∣∣∣ ∫ e

0

ny=2∑
i

nx,min∑
j

(
τ ijxy1(±w/2, y)+

+τ ijxy2(±w/2, y)
)

dy
∣∣∣∣ ≤ 0.01,

(22)

and the smallest nx fulfilling Eq. (22) leads to nx,min.

2.6 Correction functions to mitigate devi-
ations in the hole boundary conditions

Beyond the desired effect of stress cancellation at the free
edges the auxiliary plates also affect the hole boundary
conditions fulfilled by the unmirrored load introduction
field FLI. The arising deviations in the hole boundary
stresses are mitigated by superimposing a correction field
F3 expanding the deviations in a Fourier series. Since
this new field disturbs zero stress boundary conditions
in load direction at the free straight edges it needs to
be mirrored in the same way as FLI, which again results
in slightly violated hole boundary conditions. Iterating

Table 1
Stress fields assembling the full solution.

stress field task at hole boundary
F1 represents full sine in radial stresses
F2 Fourier series expansion of

σr1(R,ϕ)
FLI = F1 + F2 sinusoidal bolt load introduction

Fk≥3 correction of deviating stresses in
F sup
k−1

this procedure by introducing further correction functions
Fk>3 and mirroring them leads to vanishing deviations
in the hole boundary conditions. The full solution F
that correctly models the load introduction as well as
fulfils the boundary conditions in load direction at the free
edges with the smallest computational effort is eventually
assembled by

(23) F =
ny=2∑
i

nx,min∑
j

nk,min∑
k

F ij
k .

The task of each partial field Fk is summarised in Tab. 1.
The minimum number of required correction functions
nk,min is considered as sufficiently large if the relations

(24)

χσr
= R

Fy

∣∣∣∣∫ π

0
σr(R,ϕ) sinϕdϕ

∣∣∣∣ = 1,

ψσr
= R

Fy

∫ 2π

π

√
σr(R,ϕ) 2 sinϕdϕ ≤ 0.01,

ψτrϕ
= R

Fy

∫ 2π

0

√
τrϕ(R,ϕ) 2 cosϕdϕ ≤ 0.01,

with the load transfer ratios involving those stresses of
the full superimposed solution F are true. A load transfer
value χσr = 1 means that the external load is fully intro-
duced by the radial sinusoidal stresses at the hole boun-
dary. The ratios ψσr

and ψτrϕ
are a means to assess

undesirable non-zero oscillations at r = R. Inaccurate
load transfer values of polar stresses indicate that the
number of correction functions nk,min shall be increased.
A final check of the force flux through the net section
plane is performed by quantifying the load transfer ratio
(25)

χσy = 2
Fy

∫ w/2

R

σy(x, 0) dx with 0.98 ≤ χσy
≤ 1.

A too small χσy
means that the shear stresses cancella-

tion at the straight vertical edges is insufficient which can
be cured by increasing the number of horizontal auxiliary
plates nx,min. Note that after its increase the iterative
correction function routine must be recalculated since the
hole boundary stress deviations depend on the number of
auxiliary plates. The flowchart in Fig. 5 summarises the
overall finite bolted joint calculation method.

Let us continue with the determination of the cor-
rection functions Fk≥3. Their radial and shear stresses
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Input parameters
w/d, e/d, ν

Assemble
load introduction field FLI

Determine nx,min using
χLI
τxy
≤ χLI

τxy,min = 0.01

Mirror and superimpose
auxiliary field

Hole BCs violated?
• χσr = 1 ?
• ψσr ≤ 0.01 ?
• ψτrϕ≤ 0.01 ?

Introduce additional
field Fk≥3

to correct hole BCs

Full load transfer
through net section?

• 0.98 ≤ χσy ≤ 1 ?

Increase nx,min
and rebuild

correction functions
Fk≥3

Full stress field

Yes

No

No

Yes

Fig. 5. Flowchart of the bolted joint calculation method.

Table 2
Deviating stresses at hole boundary to be expanded.

correction
field

σdev
rk (R,ϕ) τdev

rϕk(R,ϕ)

F3 σr1 + σr2 − σ
sup
r1 − σ

sup
r2 −τ sup

rϕ1 − τ
sup
rϕ2

F4 σr3 − σsup
r3 τrϕ3 − τ

sup
rϕ3

at the hole boundary expand the deviations caused by
the previously superimposed auxiliary fields enabling their
mitigation. Taking into account that the bolted joint
problem is symmetric to the y-axis the expansions read

(26)
σrk(R,ϕ)/σ0 =

f σr

k,0

2 +
N∑
n=1

f σr

k,2n cos 2nϕ+

+
N∑
n=0

gσr

k,2n+1 sin(2n+ 1)ϕ,

(27)
τrϕk(R,ϕ)/σ0 =

N∑
n=0

f
τrϕ

k,2n+1 cos(2n+ 1)ϕ+

+
N∑
n=1

g
τrϕ

k,2n sin 2nϕ

with the coefficients

(28)

f σr

k,n = 1
π

1
σ0

∫ 2π

0
σdev
rk (R,ϕ) cosnϕdϕ,

gσr

k,n = 1
π

1
σ0

∫ 2π

0
σdev
rk (R,ϕ) sinnϕdϕ,

f
τrϕ

k,n = 1
π

1
σ0

∫ 2π

0
τdev
rϕk(R,ϕ) cosnϕdϕ,

g
τrϕ

k,n = 1
π

1
σ0

∫ 2π

0
τdev
rϕk(R,ϕ) sinnϕdϕ.

For the geometrical configurations investigated and the
given accuracy degree two iterations are sufficient to sat-
isfy the stress boundary conditions at the hole and those
in load direction at the straight edges. Tab. 2 lists the
particular stress deviations to be expanded by the correc-
tion functions Fk≥3. The general form for an Airy stress
field Fk describing the Fourier expansions in Eq. (26)
and (27) is expressed by

Fk(r, ϕ) = R2
[
bσr

k ln r

R
+ cσr

k

r

R
ϕ cosϕ+

+dσr

k

r

R
ln r

R
sinϕ+ d

τrϕ

k

R

r
sinϕ+

+
N∑
n=1

{
Ak,n

(
R

r

)2n
+Bk,n

(
R

r

)2n−2}
cos 2nϕ+

+
N∑
n=1

{
Ck,n

(
R

r

)2n+1
+

+Dk,n

(
R

r

)2n−1}
sin(2n+ 1)ϕ

]
σ0.

(29)

Equating the coefficients in the Fourier series represen-
tation in Eq. (26) and (27) with those of σrk(R,ϕ) and
τrϕk(R,ϕ) belonging to Fk while taking into account
single valued displacements [4, 20] expressed by

(30) dσr

k

cσr

k

= 1
2(1− ν),
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yields
(31)
bσr

k = 1
2 f

σr

k,0, cσr

k = −1
2

(
f
τrϕ

k,1 + gσr

k,1

)
,

dσr

k = 1
2
(
1− ν

)
cσr

k , d
τrϕ

k = 1
2

(
f
τrϕ

k,1 + dσr

k

)
,

(32)
Ak,n = − 1

n(2n+ 1)

[
1
2 g

τrϕ

k,2n + n(2n− 1)Bk,n
]
,

Bk,n = 1
2
g
τrϕ

k,2n − f
σr

k,2n

2n− 1 ,

Ck,n = 1
n+ 1

[
f
τrϕ

k,2n+1

2(2n+ 1) − nDk,n

]
,

Dk,n = − 1
4n

(
gσr

k,2n+1 + f
τrϕ

k,2n+1

)
.

With that all functions for the full solution are deter-
mined. Results for different geometrical properties w/d
and e/d are presented and verified using Finite Element
analysis in the subsequent section.

3 Discussion of the stress results
In this section the results for the joint configurations with
the geometrical dimensions in the range w/d = {3, 20}
and e/d = {3, 10} are presented and verified using a
Finite Element model implemented in Abaqus. The
mesh contains CPS8 continuum plane stress elements
with 8 nodes. A sinusoidal load in the radial stresses
modelling the contact idealisation is applied at r = R.
Convergence in the stresses is reached for 72 elements
at the hole boundary. Fig. 6 shows the FE model for
w/d = 3, e/d = 3 and introduces the dimensionless
coordinate

(33) ξ = x−R
w/2−R,

with ξ = 0 at the hole boundary and ξ = 1 at the free
edge.

net section path
ξ

Fig. 6. Finite Element model for w/d = 3, e/d = 3.

To qualitatively investigate the effect of the auxiliary
plates on the load transfer let us exemplarily plot the
force flux of the stress vector

(34) ~ty =
[
σx τxy
τxy σy

]
·
[

0
−1

]
= −

[
τxy
σy

]
,

for w/d = 20, e/d = 10 shown in Fig. 7.

(a) Unmirrored Load intro-
duction.

(b) Present finite geometry
solution.

(c) FE solution.

Fig. 7. Force flux of stress vectors ~ty for bolted joint
with w/d = 20, e/d = 10, nx,min = 23.

If superimposing the auxiliary fields the force flux be-
comes tangent to the straight boundaries as in the Finite
element solution thus providing a physical load transfer.
For further quantitative approval the load transfer ratios
are analysed. For the different bolted joint setups the
presented calculus leads to load transfer ratios within the
range
(35)
χσr

= 1, 0.98 ≤ χσy
≤ 0.99, ψσr

, ψτrϕ
< 0.005,

fulfilling the requirements defined in Eq. (24), (25) and
therefore confirming the methodology. Fig. 8 illustrates
nx,min with respect to the geometric properties leading
to these load transfer value ranges.

3 4 10 15 20
0

50

100

150

e/d = {3, 5, 10}

w/d [−] −→

n
x
,m

in
[−

]
−→

Fig. 8. Minimum number of horizontal plates nx,min.
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The minimum number of horizontal plates nx,min in-
creases with a smaller value w/d since the shear stress
boundary conditions are more violated than in wider
joints requiring additional horizontal auxiliary plates for
cancellation of τxy(±w/2, y). Furthermore nx,min in-
creases with e/d. A small relative hole distance e/d
requires the auxiliary plates F2j being located near the
original vertical joint boundaries at x = ±w/2 ∧ y ≤ e.
The shear stresses τ2j

xy(±w/2, y) of F 2j have a reversed
sign in comparison to the field F 1j and do not decay
as rapidly as in joint models with larger e/d. Therefore
they contribute more significantly to the shear stress can-
cellation of the horizontally aligned auxiliary plates F 1j .
Hence fewer horizontal plates are required to obtain a
given shear stress cancellation ratio χτxy

. Refer to Fig.
4 for further illustration. Let us investigate the circum-
ferential stresses and the net section stresses relevant for
the crack initiation assessment shown in Fig. 10.
Generally speaking the wider the dimension proper-

ties the better the agreement in both stress compo-
nents is observed. Peaks in the hoop stresses at ϕ =
{0, π/2, π, 3/2π} as well as the net section stresses
σy(x, 0) deviate the more the smaller the dimensions are
chosen. Deviations are due to non-zero stress boundary
conditions normal to the load direction at the straight
edges not covered by the present calculus, in particular
τxy(x, e) 6= 0 and σx(±w/2, y) 6= 0. This is further con-
firmed by applying these non-zero tractions additionally
to the sinusoidal loading in the FE model, which is done
for all configurations except for w/d = 20, e/d = 10
yielding only very slight stress deviations. The corre-
sponding stress solution then coincides with that of the
present calculus apart from small differences (ref. to Fig.
10). They arise since a load transfer value χσy ≥ 0.98
has been considered as sufficient. To assess how critical
the stress deviations are a net section failure analysis us-
ing the present solution as well as the numerical reference
is performed.

4 Failure analysis: comparison to
the experiment

Let us conduct a failure analysis by means of the Theory
of Critical Distances (TCD) being capable to capture the
hole size effect in contrast to local criteria comparing
the maximum stress with the strength. Using the line
method the average net section stresses

(36) σy(r̃c) = 1
r̃c

∫ r̃c

0
σy(x∗, 0) dx∗ with x∗ = x−R

are considered. Herein r̃c represents an arbitrary hole
distance. Failure is then postulated if the average net
section stress within the critical hole distance r̃c = rc is

equal to the longitudinal tensile strength XL
T of the plain

material,

(37) σy(rc) = XL
T .

At first the characteristic distance needs to be deter-
mined. Then a failure analysis is conducted and the
predicted failure stresses are compared to experimental
data.

4.1 Determination of the characteristic
distance

The characteristic distance rc is calibrated using the
stress field and the experimentally determined failure load
for a specific bolted joint configuration [16]. It is there-
fore a non-physical quantity and generally not applicable
to other joint configurations but possibly to a certain ex-
tent. For our study the experiment NT2 performed in
[19] is chosen to calibrate rc. This test setting involves
the composite plate material Hexcel IM7-8552 with the
layup [90°/0°/±45°]3s providing quasi-isotropic material
behaviour. Its nominal thickness is t = 3 mm. Further
test specifications can be taken from Tab. 3.
Table 3
Test data from [19].

Test ID d [mm] w/d [-] e/d [-] σF [MPa]
NT2 6 1.75 5.83 466.2
NT3 6 2 4.17 526.7

The quantity σF denotes the failure stress with σF =
Py,F/d where Py,F represents the external load at fail-
ure. The corresponding stress field at failure is derived
using both FE software and the present calculus. The
characteristic distances rc,Airy and rc,FE are those dis-
tances where the corresponding average stresses σy(r̃c)
reach XL

T = 845.1 MPa. Refer to Fig. 9 for further illus-
tration. Large deviations arise since the ratio w/d = 1.75
is very small and non-zero tractions perpendicular to the
load direction uncovered by the calculus strongly affect
the net section stresses.

0 0.5 1 1.5 20

500

1,000 FE

Airy
XL
T = 845.1 MPa

rc,FE = 1.143 mm

rc,Airy = 0.351 mm

r̃c [mm] −→

σ
y
(r̃
c
,0

) [
M

Pa
]
−→

Fig. 9. Calibration of characterisitc distances using av-
eraged net section stresses at failure of experiment NT2.
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Fig. 10 Circumferential and net section stresses.

4.2 Comparison to experimental data
A failure analysis is conducted using the previously calcu-
lated characteristic distances. The failure stress for the
test setting NT3 is predicted based on both analytically
and numerically obtained stresses. It is found by scaling
the external load such that the corresponding average net
section stresses reach XL

T at the characteristic distances.
The normalised net section stresses are shown in Fig. 11.
The dimensionless characteristic distances are calculated
by

(38) ξrc
= rc
w/2−R.

Tab. 4 compares the predicted bearing stresses at fail-
ure using their deviations normalised to the experimental
value.

Table 4
Failure stresses for NT3.

Airy FE FFM Exp
σF [MPa] 540.6 569.1 549.5 526.7
ε [-] 2.6 % 8.1 % 4.3 % -

A good agreement is observed if using the TCD with
calibrated characteristic distance involving stresses based
on the present solution (TCD-Airy). Since the cor-
responding failure stress prediction yields a deviation
even smaller than those based on numerically calculated
stresses (TCD-FE) the calibration approach can be con-
sidered as capable to cope with erroneous net section
stresses of the present solution for the particular joint
configuration. Further tests with different values for
d and w/d should be performed to assess the present
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Fig. 11. Normalised net section stresses for NT3.

method’s capabilities. Results derived by means of the
Finite Fracture Mechanics (FFM) performed in [19] are
also shown. Note that the TCD-Airy coincidentally leads
to a prediction better than the FFM although the latter
unifies both stress and energy criterion contrary to the
TCD and is therefore the more sophisticated crack prop-
agation model. Let us now investigate the predictions
for different diameters and analyse how well the hole size
effect is modelled by the TCD approach.

5 Failure analysis: modelling of
the hole size effect

The failure stress is predicted for joint configurations with
the same ratios w/d, e/d as in NT3 but with different
bolt diameter d. The predictions are based on stresses
derived using the present calculus as well as FE soft-
ware. The methodology to determine the failure load is
analogous to previous section. The relative characteristic
distance ξrc where the stress failure criterion is evaluated
decreases the larger d and vice versa. Since there are
no experimental failure loads with respect to different di-
ameters accessible to the authors those failure stresses
calculated by means of the FFM published in [19] are
reproduced and used as reference.
In the context of FFM [18] the initiation of a crack

of the finite length ∆a is assumed which instantaneously
and unstably propagates if both stress and energy crite-
ria are fulfilled. This condition is called coupled or hybrid
criterion established in [24] and generally yields an op-
timisation problem to determine the minimal load and
the corresponding crack length leading to unstable crack
initiation. The bolted joint problem contains a mono-
tonic decrease of the stresses and a monotonic increase
of the energy release rate with respect to ∆a. Using the

dimensionless length ∆ξ = ∆a/(w/2 − R) the coupled
criterion simplifies then to the conditions

(39)

1
∆ξ

∫ ∆ξ

0
σy(ξ, 0) dξ = XT

L

∧
∫ ∆ξ

0
K2

I (ξ) dξ =
∫ ∆ξ

0
K2

IC(ξ) dξ

where KI denotes the mode I stress intensity factor of
a newly initiated crack. KIC(ξ) represents the R-curve
for which a Gompertz function is used modelling a crack
length dependency of the fracture toughness. This is
important if the crack length is of the same order as the
process zone lpz which particularly occurs for small hole
diameters [19].

Fig. 12 shows a comparison between FFM and TCD
failure stresses with respect to the hole diameter d. The
bearing cut-off is set at σF = 700 MPa similar to [19].
Beyond this limit bearing failure occurs and correspond-
ing criteria instead those of the net section crack ini-
tiation must be used. Furthermore the deviations nor-
malised to the FFM are plotted in Fig. 13. A deviation
limit of |ε| ≤ 10 % is considered as tolerable giving us
the diameter range in which the failure criteria can be
used. This is further illustrated in Fig. 14.

The TCD-FE prediction is almost coinciding with the
FFM reference starting with d ≥ 17 mm for w/d = 2
and concerning w/d = 3 in the whole failure stress range
below the bearing cut-off. Predictions using the TCD-
Airy fulfil the deviation limit for rather small diameter
1 mm ≤ d ≤ 15 mm in the case w/d = 2 and can be
used within a range where the TCD-FE approach fails.
Beyond this diameter range the TCD-Airy lacks in accu-
racy. Contrary for w/d = 3 the TCD-Airy can be used for
8 mm ≤ d ≤ 354 mm. The TCD-FE involves deviations
converging with increasing d to a value smaller than the
limit and are also applicable for d > 50 mm beyond the
range investigated.

Let us further analyse the methodology of the various
approaches to understand why they yield different pre-
dictions. The TCD is purely based on a stress criterion
which is evaluated at a certain characteristic hole dis-
tance invariant to the hole diameter. Contrary as shown
in Fig. 15 for various w/d configurations the FFM ad-
ditionally incorporating the energy criterion reveals the
crack length ∆a and therefore the location where the
stress criterion is evaluated being dependant of the hole
diameter d. Beyond a certain hole diameter the curves
∆a(d) take a shape which can be approximated by a con-
stant plateau value. The TCD-FE yields for this range
accurate predictions since the corresponding character-
istic distance rc,FE = 1.143 mm lies near the plateau
confirming the calibration methodology.

In the frame of the TCD-Airy the prediction accuracy
is affected by the erroneous net section stresses as well
as by the characteristic distance rc,Airy = 0.351 mm of
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Fig. 12. Predicted stresses at failure.
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Fig. 13. Deviations of predicted failure stresses to FFM.
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Fig. 14. Diameter range yielding |ε| ≤ 10 %.
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Fig. 15. Crack length ∆a using FFM approach in [19].

the TCD-Airy lying outside the value range of ∆a. De-
pending on the way how these impacts interact the final
prediction might be either worse, unchanged or even bet-
ter than the TCD-FE. Concerning w/d = 2 the TCD-Airy
is even applicable within 1 mm ≤ d ≤ 15 mm partially
lying outside the plateau where its numerical counter-
part ascends the deviation limit. Regarding w/d = 3 the
TCD-Airy yields an acceptable prediction for a diame-
ter range similar to the TCD-FE but nevertheless with
slightly higher deviations. For further validation of the
hole size effect modelling using the present calculus ex-
periments should be conducted since the FFM is just a
model of crack propagation mechanisms occurring in real
structures.

6 Conclusion
In the present paper the stress field for a finite bolted
joint with quasi-isotropic composite material under in-
plane loading is determined using the Airy stress func-

tion. The bolt contact is idealised by a sinusoidal radial
stress distribution at the hole boundary. To obtain the
solution use is made of auxiliary functions cancelling non-
zero tractions in load direction at the free edges. Thus
the force flux of the finite joint is modelled in a realistic
manner. The stresses of the present solution are used in
a subsequent net section failure analysis to further as-
sess inaccuracies of the stresses. They arise since the
stress boundary conditions perpendicular to the load di-
rection are not covered. As failure criterion the Theory of
Critical Distances is chosen using characteristic distances
calibrated from the experimental failure load. The pre-
dictions yield deviations |ε| ≤ 10 % for w/d = 2 in the
diameter range 1 mm ≤ d ≤ 15 mm and concerning
w/d = 3 within 8 mm ≤ d ≤ 354 mm in comparison to
predictions in [19] derived by means of the finite fracture
mechanics.
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